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An action for the D =  I 0 superparticle with N =  1,2 supersymmetry,  containing irreducible (functionally independent)  Lorentz 
covariant constraints only, is proposed. The key ingredient is the enlargening of  the usual superspace to include additional bosonic 
harmonic coordinates which transform as Lorentz spinors and are pure gauge degrees of  freedom. Upon quantization the extended 
superparticle provides a Lorentz covariant on-shell description o f  the linearized D = 10 type Ilb supergravity. The first-quantized 
BRST charge contains a multighost interaction term which is inevitable when the functional dependence of  the reparametrization 
and the local fermionic symmetry constraints is correctly taken into account. 

I. Recently there has been much interest in analyzing Siegel's superparticle [ 1-3 ] especially in view of the 
fact that, representing a "zero-mode" approximation to the covariant Green-Schwarz superstring [ 4 ], it shares 
some of the fundamental features of the latter, in particular, the local fermionic symmetry. 

The Siegel superparticle action [ 1 ] 

J dz(PuO~xU-p$O~O,~--2172 -~al~,~pdP), S= 

where 2 and ~ are Lagrange multipliers and the Grassmann spinor 0~ is Majorana or Majorana-Weyl (MW) 
( in D = 10; we shall concentrate on this case here), possesses two first-class constraints *~: 

p 2 = 0  and l)~,pdP-p,~p(ipg-pP~Oy)=O. 
However, a systematically overlooked property of these constraints is that they are functionally dependent, i.e. 
they form a reducible set in the sense of ref. [ 5 ] ~2. 

Then one is left with the following two alternatives: 
(i) either, one must separate the half independent constraints from p,~pd p which cannot be performed in a 

Lorentz-covariant manner, since/~,~pd p is a D = 10 MW spinor (there are no Lorentz-covariant objects with half 
the number of the components of a MW spinor); 

(ii) or, one has to employ the general scheme of Batalin-Fradkin-Vilkovisky (BFV) [ 5 ] for systems with 
reducible constraints. In this case, the price for working with reducible constraints is the introduction, for each 
functional dependence among the latter, of  additional ghosts which enter the BRST [ 6 ] charge and the BFV 
hamiltonian [ 7 ]. However, one can easily deduce, that in this case as well, due to the MW nature of the con- 
straint/~pd p, it is impossible to retain manifest Lorentz invariance maintaining simultaneously a finite degree 
of reducibility L of the system. 

Permanent  address after January 1, 1987: Institute of  Nuclear Research and Nuclear Energy, Boulevard Lenin 72, 1784 Sofia, Bulgaria. 
~ The D =  10 and D = 8  spinor conventions are explained in the Appendix. 
:2 The set of  first-class constraints {O~o} possesses a degree of  reducibility L if  the following relations hold: 

ao _ a0 a, _ ~L_2 aL_, ]~=o =0,  = 1, ..., m~, ~aoo)Z,~ -0,  tl)Za~t2)Z,~2[~=o-0, ..., tL-I)Z,~L ,~r~ZaL t~ 
a o  o e l _  - where o jZ , , ,  ..., tL)Z,~r are functions of  the canonical variables which do not identically vanish on the constraint surface ~ ,o  =0 .  
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Thus, consistent Lorentz-covariant canonical quantization of Siegel's superparticle action, properly account- 
ing for the reducibility of the constraints, is impossible without some further modification. 

In this letter we propose a formalism which overcomes the above mentioned difficulties. The key ingredient 
is the introduction ofbosonic  Lorentz-spinor harmonics ~ ,  ~ subject to the constraint a ~~ xA v~ v~ = ~, ~ as addi- 
tional dynamical variables. The enlarged N =  1, 2 superspace coordinates are now labeled by (x ~, n ~,2 A ~,, ~ , ro t ,  V A t .  

(In what follows we shall directly consider the more general case of  the point particle with N =  2 supersymme- 
try). The spinor harmonics serve as "bridges" converting the SO(1, 9) MW spinor indices c~ into a pair of 
SO (8) spinor indices A = (a,/~) corresponding to the (s), (c) representations, respectively. The inclusion of 

A ~ v~, v~ is crucial in order to separate in a Lorentz-covariant way the 8 independent components of the MW 
spinor constraint/~,,d ~. We also include additional first-class constraints into the superparticle action to guar- 
antee that a v,,, ~ are pure gauge degrees of freedom. 

The present formulation is very much inspired by the harmonic superspace approach to extended supersym- 
metric (gauge) theories in D = 4 [ 8 ] and by the recently developed covariant light-cone superspace in D = 10 
[ 3 ]. However, the latter differs substantially from the present one in two respects: (a) the additional harmonics 
introduced in ref. [ 3 ] are Lorentz vectors instead of Lorentz spinors; (b) the physical content of the theory in 
ref. [ 3 ] is different. Moreover, the constraints of  the modified superparticle action proposed there once again 
form a reducible set. 

In section 2 an action with irreducible constraints for the extended superparticle is proposed. In section 3 the 
covariant first quantization a la Dirac is accomplished. After imposing on-shell of a suitable covariant reality 
condition on the superfield wave function it is demonstrated that the theory coincides with the linearized D = l0 
IIb supergravity, known in the light-cone formalism [ 9 ] (cf. also Townsend [ 2 ]). In section 4 the first-quan- 
tized BRST charge is computed and found to contain a multighost term, i.e. the N =  1, 2 superparticle is a 
constrained system of rank two in the sense of ref. [ 7 ]. 

2. Let us consider the following classical action for the D = 10 extended superparticle described by coordi- 
0,~, 0 . ,  v,~, ~+~): na tes (x  u, ~ 2 A 

(1) 

_ A B A~/~ H=Ap2 +pa~a + ~C'~xc~ + A A s ~  s, ~c,~--V~A--~aP =O, ZC,# =vC, P:.A +p~,~VA=O. (2,3) 

Here 01,2 are D= 10 MW (left-handed) Grassmann spinors. The bosonic Lorentz.spinor harmonics v. (a,a), 
Va<a,a) = (C~ -1 )aa V{a,a) transform as D = 10 MW left- and right-handed spinors with respect to the indices a ,  fit 
and transform as SO(8) (s)-, (c)-spinors with respect to the indices (a, it) =A. The hamiltonian is taken as a 
linear combination of irreducible first-class constraints with the following notations: 

-~ = u - ' o  - ~ "  ~'a, = ~ . ~  v o ~ - v  v~,~.  (4)  

Let us emphasize that with the help of v~, ~ we have covariantly separated the Siegel fermionic constraint into 
two parts: 

/~,~a(ip~B - .#a '  Or z) = U a ~ a  '+ + V~ ~a,  

and the second part ~ a :  

~,~ -= ~P,~a ( i p ~  - . V  ~ 02) = - [ ( 2 - '  ),~bV~(ip ~ '~ --. i~ a O~)]p 2 -- ( S - '  K)a b ~b 

( go~ =_ v~C"e v~, ~°b - v ~ , ~  v~ ), (5) 

whose functional dependence on the remaining constraints p2 and ~a is explicitly displayed in (5),  is excluded 
from (1), (2). 
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The action (1) is manifestly invariant under N--  2 supersymmetry transformations 

t~x~,=_i[E~(~u)~,~O~+~2(~u)~,PO~ ] 3 a l ,2 - ,1 ,  2 ~" A , v s s v a  - - ~ a  , ~ssVA =~ssVa=0, 

where ~.2 are D = 10  M W  spinors. 
For N =  1 supersymmetry the action (1) and the hamiltonian reduce to 

f +pv,AO~Vc~+O~vAp~a--H), H=).pE+pava~lkapdP+AAn~An, SN=I = dr(puO~x~,_p~O~O ~ ~ A -~ A 

eq. ( 3 )  remaining the same. 
The constraints ~ , a ,  Z,f  (3) are second class and form a conjugate pair which commutes with all first-class 

constraints in eq. ( 2 )  ~3: 

{q~J,Zya}l~,x=o=2O.aOr ~, {~AS, q ~ . P } = { ~ A S , Z J } = 0 ,  etc. 

Thus, any Poisson bracket relations involving the first-class constraints, in particular, their algebra remain 
unchanged after introducing the corresponding Dirac brackets: 

{ ~ ,  ~'~} = - 2 i ~ p  2 , { ~ a b , ~ c } = ~ c b ~ a ,  { ~ A B , ~ c D } = ( ~ c B ~ A D - - ( ~ A D ~ c  B , 

{ ~ b , . @ c } = _ ~ b  ---, ~ • i ,  [(S ),~uv~,Opo-.P'~aO~)p2+(S-'R)aa~a], rest=0.  (6) 

Now, let us briefly comment on the significance of the Lorentz-spinor harmonics v~,A ~ .  From the constraint 
• ~P= 0 (3) one immediately sees that the objects 

_ _  a ~ ~ , ~ ~ f l  HLot fl =Uot~a, HRot fl =VotV gt, HLoe fl "~ HRot fl :6o~ .8, ( 7 )  

are Lorentz-covariant projectors for the D = 10 MW spinors. Thus (7) are precisely the covariant analogues of 
the usual light-cone projectors: 

-- ½ ( a - ~  + ),~ P =l-I~c~ )", -- ½ ( a + i f -  )a  '° = H ~ t ~  a, ( 7 ' )  

where//[8~ are the D =  8 chiral projectors. 
Under group transformations generated by the GL(I  6; ~)  algebra of y s  (6) v A and ~ transform as follows: 

exp{wL~ }v~ = G - ' (to)A sv~, e x p { t o ~  }~.~ = O$G(to)'A, (8) 

where 

G(m)~s = (exp to)as, (toSf~)F(v, ~) =--toaS{~AS , F(V, ~)}. 

Thus, using (8) one can always impose the following Lorentz-noncovariant gauge on v~,a va.'~" 

a 1 - -  a dt v , ~ = - ~ ( a  ),,, v,, =-½(a+) , , ,  v~'~=(e+)~, v a " = ( # - ) ~ .  (9) 

In particular, in the gauge (9) the covariant projectors (7) reduce to the usual light-cone ones (7 ') .  This non- 
covariant gauge will be useful for establishing the on-shell equivalence of the covariantly quantized extended 
superparticle with the linearized D = 10 IIb supergravity in the light-cone formulation [ 9 ]. 

3. Let us now consider the covariant first quantization of (1) a la Dirac. The superfield wave function q~ = ~(x,  
0 t, 02, v, ~;) must satisfy the equations 

p2~=O, ~ = 0 ,  ~ = 0 ,  ~ASq~=0, (10a,b,c,d) 

where now 

*a Except for ~a: {Z~ •, ~a } = - ~  ~s v~. The latter, however, has no effect on the Dirac bracket relations (6). 
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p u = - i O / O x U ,  p l ' za=- - iO /OOld  2, p ~ = - i O / O v ~ ,  a P~ a = - iO/O~. 

Eq. (10c) gives 

• (x, 01 , 02, v, ~)=exp(O~'~aO~)~J(x, 0 i , v, ~). 

Next, eq. (10b) with an account of (10a), (11 ), reduces to the form 

~pap(  o/oo~ )~b( x,  o I , v, ~) =0. 

To solve (12) it is convenient to change variables 0~--. ~o~, ~a as follows: 

, ~ b j ~ a ,  ~ a - - V a O a  (Rab=Vaal)a#~b, Sab=-Vaal)aa~b#). 

With (13), eq. (12) reduces to 

S~b(O/O~tb)~(X, ~0, ~i V, ~) =0, i.e. ~b=~(x ,  ~0, v, ~). 

In terms of the new coordinates (13 ), the expressions for ~ i~  (4) look more complicated: 

i ~ a b  Vb O/Ova ~aaO/O~__~obO/o~oa ' • b i, a ~o: ~a 1~ a =UaO/OV a -- Va O/Or b + q/aO/Og/b, 

V a O/OVa -- Va O/OVi~ -- (Rac~OC)(S- 1 )bdo/o~ocl -b [Rac~O c -b ( R S - l ) a  cgie] O/Oq/b, 

30 April 1987 

(11) 

(12) 

(13) 

(14) 

ida b = V~ O/OV~ -- ~'20/0~'~ -- (R - ' )bdSgtc~OCO/O~od - -  ( R  --l s ) d h ~ o b o / o ~ g d  q - p 2 ( S - l )  be~e(R  - 1 ~ -  l )d 0]0~0 d. (15 ) 

As a consequence of (15 ), on-sheU ~0 a transforms with respect to DA B only through itself: 

exp{io)A e ~A B } Ip2 =0~0 a = (exp(--f2(o), v, ~ p)})ab~ob, (16) 

with 

~'~((.0, V, ~ p )ab ----f.Oab "~ ( s -  l )ae o.kdbRdb "[" ( R - l )ad (.oedSeb -~- ( R - t S )aeo je  b. 

Therefore, eq. (10d) yields 

~(x ,  ~0, v, ~ ) = ~ ( x ,  exp{-g2}to, G- iv ,  OG), (17) 

with G(to) as in (8) and (2(co, v, ~, p) as in (16). Then we can impose on-shell the following covariant reality 
condition: 

<b*(x, ~o, v, ~) =det-1/Z( T(v, ~,p) ) f dS~o ' exp[i(oaTab(V, fz,,p)~o'b]~(X, ~0', V, ~), (18) 

where under group transformations generated by DAB: 

Tab( G -  ~ ( oJ )v, f~G(m); p) = Ted(v, ~, P )f2Ca( m, V, ~, p)£2db( O), V, P, p ). (19) 

Eq. (19) guarantees that (18 ) is consistent with (17). 
If we now impose the noncovariant light-cone type gauge (9) and choose 

Tab(--½a+,d+ ; p ) = ( p + ) - i ~ a  b ( p + = ( l / x / ~ ) ( p ° + p 9 ) ) ,  

we arrive precisely to the light-cone on-shell description of the linearized D = 10 IIb supergravity in terms of an 
unconstrained superfield ~cs(X, 0) depending on a single SO(8) (s)-spinor ~b ~ [9]: 

~Gs(X, 0) ---- ~(X, exp{--~2o)~O, -- ½a -+ , ~+ ), p2 q)cs(X, 0) =0,  

q)~s(X, 0 ) =  (P+)" f dS0 ' exp[iOa(°'~(P+)-t]q)os( x, (o'), 
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where ~2o ---/2 (o9 o, v, ~ p) and G (o9 o) is j ust the transformation ( 8 ) for which the gauge ( 9 ) is reached: 

G-l(OOo)V=-½tr +-, ~G(too)=¢~ -+. 

Therefore, we conclude that eqs. (10a), (17)-(19) constitute a Lorentz-covariant on-sheU description of 
D = 10 linearized IIb supergravity. 

4. To perform second quantization of the superparticle (1), one needs first to construct the first-quantized 
BRST charge QBRST and then proceed e.g. along the lines of ref. [ 10]. It turns out that the N =  l, 2 superparticle 
is a constraint system of second rank (according to the terminology of ref. [ 7 ] ), i.e. its BRST charge contains a 
multighost interaction term due to the nontrivial dependence of the structure "constants" of the constraint 
algebra (6) on the canonical variables. After straightforward (but lengthy) calculations we find 

QaRST =cP 2 + ?la ~a + ~a,~a dt-CAB~AB + i ( O/O2 )O/O? + i( O/OAAB)O/O?A n 

- (OlOp a) OlO~la -- (OlOq/,) 0/0~ '~ + iCBDC A eOlOc ~ 0 -- 2 (X,~ ~ ?~a) O/OC-- itlbcab O/Ol~ a 

+ r/bC'~b[i(g- ~ g )  a aO0~l a + (~- ' )aavdi(o/o0~ --~=aO~)O/Oc] + l~bgej~ab(S-l)( te(S-l~fd ( O[o?ld)O/OC, 

(2o) 

where (c, ~, 2), (~ ,  Oa, pa), (X,*, 2'*, ~/,*), (CAB, C.4 B, AAB) are the ghosts, antighosts and Lagrange multipliers, 
respectively, for the first-class constraints in (2). 

For the second quantization it is useful to perform the following unitary transformation on QBRSr [ 11 ] : 

QARsT = UQBRsT U - l  , In U= - (In a)(cO/Oc+~O/O~- 1 ), or--- (22) 1/2, 

QI~RST= O~--lc[p2 +i(O/Oc)O/O~] +i(O/Oa)O/O~+ [same as in (20) with O/Oc~aO/Oc]. 

Then the BFV hamiltonian [ 7 ] 

HBFV = {QBRsT, O]OC} = Ot -- I [p2  +i(O/Oc)O/O~] 

has precisely the same form as for the usual bosonic point particle and, accordingly, the second quantized BRST 
action reads [ 10]: 

S= j d z ( d z ) ~ * ( z ,  (z))[aiO¢ _p2-i(O/Oc)O/Og]q~(z, (z)) ,  (21) 

where 

( Z) -~ ( X "u, 01'2, P, ~,, OL, C, C; V] a, ~a, pa; ,~a, 2 a, g/a; CAB, CA B, AAB).  

For eq. (21 ) to represent the Lorentz-covariant action for the D = 10 IIb supergravity in terms of unconstrained 
N =  2 superfields one still needs to extend off-shell the reality condition (18). At present, unfortunately, we 
have not found a closed form for the latter. 

In conclusion, let us once again stress that, as discussed in section 1 above, Lorentz-covariant treatment of 
superparticle actions, containing the generator of the local fermionic symmetry as a constraint, is not consistent 
due m the reducibility of the set of first-class constraints unless one introduces additional (pure gauge) degrees 
of freedom - the bosonic Lorentz-spinor harmonics, which enable us to select an irreducible subset ofeovariant 
constraints. As a result, the rank of the system becomes two and, correspondingly, the BRST charge contains a 
higher order ghost-interaction term. 

A further more important task is to generalize the present formulation for the covariant canonical quantiza- 
tion of the Green-Schwarz superstring [4]. There, similarly, the problem of reducible constraints does arise. 
Although a Lorentz-covariant separation of the second- and first-class constraints has been performed [ 12], 
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the latter appear as projected MW spinors and thus apparently form a reducible set. Also, in the Siegel modifi- 
cation ([ 1 ]) of  the Green-Schwarz superstring the reducibility of the string generalizations of the constraints 
p 2 = 0 and pd= 0 should be taken into account for a consistent BFV-BRST quantization.  

We thank A. Neveu for an i l luminat ing discussion and for his interest in this work. We also express our deep 
gratitude to M. Jacob, J. Ellis and the CERN Theory Divis ion for warm hospitality throughout 1986. 

Appendix. The D = 1 0  y-matrices and D = 1 0  charge conjugation matrix 
representation: 

(o~),~ p , C , o =  ( _ c 8 ) , ~ , ,  , 

are taken in the following 

y-+ ~___ ( 1 / ~ ) ( y O - ~ - y 9 ) ,  (O'/'t)ocfl({~v)~ y 01- (O'P)Ote({~,u)/~ Y =2~/Waot7, ( ~ ) = p l * ( ~ .  

Indices of D= 10 left-(r ight-)handed MW spinors ~ . ,  P a  are raised by means of C8: 

Oa = ( - C s ) a ~ O p ,  g-'~ = Cs"a g-'a. 

Analogously, 

( ~ ) " P  = C s " ( e ~ ) ~  p, ( a ~ ) . p  = ( - c 8 ) . ~ ( a ~ ) ~  ~. 

The D =  8 charge conjugation matrix may in turn  be taken in the form 

0 ) 
( _ C 6 Y b  , C~=Cg~=C~, 

and the indices of SO ( 8 ) (s)-, ( c ) -MW spinors ~o a, ~a are raised as 

~o~=cob~ob, ~'a=(--C6)ab~b. 
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